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ABSTRACT

A program, written in Fortran II for a GDC 3200 computer with a
16K memory, is given for the factor analysis of data containing up to 36
variables. Principal components are extracted by the Jacobi method and up
to 26 factors are rotated first to orthogonal simple structure using the
Varimax criterion and then to oblique simple structure by the Promax
method. Factor scores are computed by Harmon's (1960) method of ideal
variables. A separate program computes scores from either orthogonal or
oblique factor matrices by a method of Kaiser's {1962}
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[PUPE

A COMPUTER PROGRAM FOR FACTOR ANALYSIS OF GEOCHEMICAL
AND OTHER DATA

INTRODUCTION

. In the first decade of this century Pearson and then Spearman pre-
sented the essential concepts of factor analysis as a method for resolving the
intercorrelations between variables, Since that time the method has become
an important tool for interpreting complex psychological tests. The tedious
computations involved in factor analysis, however, retarded the full flower-
ing of applications of the method until the digital computer became widely
available, One of the sciences most likely to benefit from the application of
{factor analysis is geology, for the geologist, like the psychologist, is fre-
quently concerned with deducing underlying controls or processes from
observations.

The introduction of factor analysis techniques to geology has fortun-
ately coincided with the development of very rapid instrumental methods of
geochemical analysis (e.g. Cameron and Horton, 1967), The large amounts
of data which these methods produce take a long time to interpret by conven-
tional techniques. IFactor analysis and other statistical methods go a long
way towards eliminating the tedious portions of geochemical interpretation,
leaving the geologist or geochemist to interpref relatively small and simple
data matrices.

It is not appropriate here to detail the principles of factor analysis,
Harmon {1960) has written an exhaustive text and Cattell {1965a, 1965b)gives
an excellent review of the subject. Imbrie {1963) and Spencer (1966) present
summaries and report respectively, geological and geochemical applications.

‘The utility of factor analysis when applied to geochemistry canbe appreciated

if it is considered that the distribution of each element in a rock unit is more
{requently than not determined by a number of different geological processes;
conversely, each process usually affects a number of elements, These rela-
tionships are shown in Figure !, Thus if the distribution of an element within
a geological system is studied, the geochemist frequently finds himself con-
sidering a complex distribution that is, in fact, the sum of a number of dis-
tributions derived from different geological processes, If is more rewarding
instead to consider the effects of processes within the system. Factor anal-
ysis allows the investigator to move from the case-variable level of his data

to the population-process level,

The work of Imbrie and his colleagues (Imbrie, 1963; Imbrie and
Purdy, 1962; Imbrie and Van Andel, 1964; Manson and Imbrie, 1964; Klovan,
1966) has played an important part in introducing factor analysis to the

Manuscript received April 25, 1967.
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Figure 1. Relationships between element distribution and geological processes.
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geologist. Imbrie has particularly emphasized the use of Q-mode methods of
analysis where a matrix of correlations between the samples is factored,
rather than a matrix of correlations between variables as in R-mode methods.
A feature of Q-mode analysis that is of immediate appeal to the geologist is
that the factor loadings are a measure of the effect of the different factors on
each sample. These loadings can, therefore, be plotted directly onto a map
or section for further interpretation. The disadvantage of Q-mode methods
for geochemical studies arises from the need to factor a matrix of the same
order as the number of samples, Because the time taken to extract factors
by the Jacobi method is approximately proportional to the cube of the oxder of
the miatrix, Q-mode analysis consumes more computer time than R-mode
analysis when the number of samples is greater than the number of variables,
More importantly, factoring a moderately large sample matrix may be beyond
the memory capacity of the available computer (matrices up to order 36 can
be factored with the 16K memory of the CDC 3200 using GEOFACT). For
most geochemical studies it is therefore more practical to use an R-mode
method and then obtain factor measurements on each sample by computing

factor scores.

In writing a program for the factor analysis of geochemical data a,
major consideration was that the program be readily convertible for use on
other computer installations. Thus the program has been made as short and
simple as possible, consistent with computing efficiency. The CDC 3200
compiler accepts many of the elements of the Fortran IV language, but an
attempt has been made to use only those elements that are commonly found in
both Fortran II and IV compilers. In the interests of simplicity the number
of program options has been kept to a minimum; the optional input of matrices
to any part of the program allows a considerable degree of flexibility in mod-
ifying the techniques., A maximum of 36 variables may be factored and up to
26 factors rotated to orthogonal and oblique simple structure by GEOFACT.
These limits are dictated only by the size of the core memory of the CDC
3200 computer that is used. This is 16K machine words, one of which is used
per integer number and two per real number. Each real number has 11digits

precision.
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and Miss S, M. Cooper expedited the punching and running of the program. I
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and Lohnes coding of the Varimax method of rotation and to Mr. D. W,
Pounder for critically examining the manuscript., Finally, my gratitude to
Dr. Derek Spencer for many hours discussing the application of factor anal-

ysis.
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PROGRAM DESCRIPTION

Statements 1-99, data input and correlation matrix.

The Pearson product-moment correlation matrix is computed
together with variable means and standard deviations. Because many geo-
chemical data approximate a lognormal distribution, an option allows for the
data to be transformed to logarithms prior to any computation. If another
type of transformation is preferred, statements 12 and 13 may be replaced
by appropriate statements,

1
N

Statements 100-199, extraction of principal components matris.

The latent roots and vectors of the correlation matrix are extracted
by the Jacobi method. This segment of the program is a modification of sub-
routine HDIAG {Cooley and Lohnes, 1962). An account of the method, with a
flow chart, is given by Greenstadt (1960). The correlation matrix that is
treated has unities in its principal diagonal. Strictly speaking, therefore,
GEOFACT performs component analysis rather than factor analysis {Cattell,
1965a)., The program can, however, be readily modified to compute and
insert communalities in the diagonal if this is desired; alternatively, without
modifying the program, a matrix with communalities may be entered for
factoring using the matrix entry opticn. There have been too few factor
analysis treatments of geochemical data to properly evaluate the usefulness
of inserting comrnunalities rather than unities, Harmon {1960) and Catiell
{1965a) discuss this widely debated problem in some detail,

Statements 200-299, orthogonal rotation.

The principal components matrix is rotated to orthogonal simple
structure using Kaiser's {1958} Varimax criterion. This segment of the
program has been modified from a program coded by T.C, Steeples and
modified by P. R, Lohnes of the University of New Hampshire, The principal
components matrix is row-normalized for the specified number of factors
prior to rotation, then denormalized after rotation.. Rotation of the matrixis
terminated when the angle of further rotation for all pairs of factors is
reduced to a trivial level.

The number of factors that are rotated is specified on the control
card or alternatively, using the EV option, may be determined as being equal
to the number of principal components with eigenvalues greater than a chosen
value, Kaiser (1960} suggests that factors with eigenvalues less than 1.0 are
generally not significant, If has been the writer's experience, however, that
many sets of geochemical data confain geologically significant factors with
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-7 -
eigenvalues much less than 1.0, With geochemical data it has been found

convenient to rotate all factors with eigenvalues greater than 0,1, and thenon
a second run drop off all those factors that do not appear to be significant,

Statements 300-399, oblique rotation,

It is rather unlikely in nature to find factors within a set of data that
are independent of one another - an assumption that is made when rotating to
an orthogonal solution. An efficient method for rotation to oblique simple
structure is therefore desirable. The Bigquartimin {Carroll, 1957} and
Binormamin (Kaiser and Dickman, 1959) criferia are generally considered
to give the most acceptable solutions. The writer has modified a program of
Carroll's using the former criterion for the CDC 3200 and found it to give
good resulis with geochemical data. However, it is a lengthy program and
consequently the Promax method {(Hendrickson and White, 1964) was investi-
gated as an alternative for inclusion in GEOFACT, The Promax method can
be programmed with a much smaller number of statements and, because it is
not an iterative technique, consumes much less computer time than methods
using either of the above two criteria,

In the Promax method the Varimax matrix is used to construct an
"ideal" oblique solution; the Varimax matrix is then rotated to a least squares
fit of this ideal solution., The "ideal" solution is obtained by row-column
normalizing the Varimax matrix A to give matrix B, the elements of which
are then powered by k, retaining their sign, to give matrix E:

eij =| by

Powering the elements of the Varimax matrix has the effect of proportionately
increasing high loadings relative to low loadings. The least squares fit of A
to E is found by using the Procrustes equation of Hurley and Cattell {1962):

c=(ATA)1ATE

After column normalization, C becomes the transformation matrix Y between
the Varimax matrix and the obligque reference structure matrix V:

V =AY

By computing the inverse of Y and then normalizing its rows, the primary
factor transformation matrix T7 is obtained, From this a matrix L of
correlations between the obligque primary factors and the oblique primary
pattern matrix P may be computed:

L=T"T

and P=A(TT)-!
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The elements of B may be powered by different values of k - Hendrickson and
White {1962) suggest values of 2 to 4 - to obtain solutions that differ in their
degree of obliqueness. The smaller the value of k, the weaker are the cor-
relations between the oblique primary factors. The Promax method is so
fast that, at least for the first run of a set of data, several rotations using
different values of k should be made, setting KMIN and KMAX appropriately.
Then the solution that makes most sense geologically can be chosen. The
Swan Hills carbonates test data are cleanly structured and are most suitably
powered by a k value of 2; more complexly intercorrelated geochemical data
are best treated by higher values of k.

Subroutine FSCOR

Factor measurements by Harmon's method of ''ideal variables! are
computed thus:

f=(ATA)"1ATZ

where f is a vector of sample factor scores, A is a factor pattern matrix and
Z is a vector of sample standard scores. Because only one matrix is used

in computing the factor scores, this method can very conveniently beincluded
in the main program. A print-out of these scores will often be found useful

for interpreting the factor matrices.

Unfortunately, the factor measurements given by this method are
only approximate when the number of factors are less than the number of
variables. Thus once the number of factors for rotation has been decided and
the required rofated matrix computed, true factor scores may be found using
the more complex formula employed by GEOSCORE,

Subroutine XINVR

This subroutine for matrix inversion follows the method described
by Anon.(1961). It was adapted from a program coded by R.J. Bolton and G.
Cameron of the Computer Science Division, Department of Energy, Mines

and Resources.

Program GECSCORE

For factors that have been obtained from a correlation matrix with
unities in the diagonal (strictly, components derived by component analysis},
the following formula from Kaiser {1962} may be used to compute factor
(component) scores:

f=LATR"}Z

£r.

ing
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where f is a vector of sample factor {(component) scores, L is a matrix of
correlations between oblique primary factors, A is the primary pattern
matrix, R is the correlation matrix and Z is a vector of sample standard
scores. When A is a matrix of orthogonal factors, L. is an identity matrix
and therefore need not be entered. Unlike the method of Videal variables',
this method gives true factor (component) measurements when the number of
factors is less than the number of variables. If the correlation matrix was
obtained from transformed data, the means and standard deviations of the
transformed data should be entered to compute the factor scores. A flow
chart for this program is given in Figure 4.

Suggested Procedure

It is suggested that the first run of a set of geochemical data be made
using both the LAR and LOGA options in order that both the raw and the
transformed data are factored; with the EV option set at 0, 1; KMIN and KMAX
at 2 and 4 respectively; and with IVSCR set at 1 to compute factor scores
from the Varimax matrix by Subroutine FSCOR. Inspection of the output will
show whether a transformation is necessary, the proper number of factorsto
retain and the most suitable value to power the elements of the matrix in the
Promax rotation. The appropriate unrotated factor matrix punched out onthe
first run may then be entered (MATR = 2) and the chosen number of factors
rotated to orthogonal and oblique simple structure., On this second run IOP
is set to 1 in order that all matrices are punched out for use, if required, as

input for GEOSCORE.
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